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Abstract: In themQ →∞ limit, the hyperfine splittings in the ground state doubly heavy baryons
(QQq) and single heavy antimesons (Qq) are related by heavy quark-diquark symmetry (HQDQ)
as the light degrees of freedom in both the hadrons are expected to have identical configurations.
In this article, working within the framework of nonrelativistic QCD (NRQCD), we study the
perturbative and nonperturbative corrections to the HQDQ symmetry hyperfine splitting relation
that scale as O (α2s) and Λ2QCD/m2Q respectively. In the extreme heavy quark limit, the perturbative
corrections to hyperfine splitting of doubly charm or bottom baryons are a few percent or smaller.
The nonperturbative corrections to hyperfine splitting are of order 10% in the case of doubly charm
baryons and 1% or smaller in doubly bottom baryons.
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1 Introduction
The LHCb collaboration has recently reported the first observation of the doubly charm baryon
Ξ++cc with mass around 3621 MeV [1, 2]. The doubly charm baryon was observed in two exclusive
decay modes, Ξ++cc → Λ+c K−pi+pi+ and Ξ++cc → Ξ+c pi+.
The doubly heavy baryon (QQq) is a bound state of two heavy quarks, Q, and a light quark, q.
Thus, the appropriate theory for studying this system is nonrelativistic quantum chromodynamics
(NRQCD) [3, 4, 5]. An interesting idea regarding the physics of doubly heavy baryons is that
of heavy quark-diquark symmetry (HQDQ) [6, 7, 8]. In the extreme heavy quark mass limit
(mQ →∞), the ground state of two heavy quarks in doubly heavy baryons is a tightly bound
spin-1 diquark in the 3 of color space bound by the attractive Coulomb interaction. The size of the
diquark is small compared to Λ−1QCD which implies that the light quark experiences the diquark as
point source of color charge in 3 representation. This means the configuration of the light quark
q in the doubly heavy baryon is identical to the light quark in the heavy antimeson
(
Qq
)
. This is
the HQDQ symmetry which relates the properties of doubly heavy baryons and heavy antimesons
in the mQ →∞ limit.
The heavy antiquark in heavy mesons and the diquark in doubly heavy baryons have chromo-
magnetic couplings that are responsible for the hyperfine splittings in the ground state of these
heavy hadrons. One of the implications of HQDQ symmetry is the relation between the hyperfine
splitting between spin-1/2 (Ξ) and spin-3/2 (Ξ∗) doubly heavy baryons and spin-0 (P ) and spin-1
(P ∗) heavy antimesons [6, 7, 8],
mΞ∗ −mΞ = 3
4
(mP ∗ −mP ) . (1)
In the case of charm quarks, the recent lattice calculations predict the hyperfine splittings in doubly
charm baryons to be 95 MeV [9, 10], whereas the HQDQ symmetry prediction from Eq. (1) is around
106 MeV.
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In this proceeding, we study the perturbative and nonperturbative corrections to HQDQ sym-
metry prediction for the hyperfine splittings in Eq. (1). The perturbative correction arises only
from the corrections to the chromomagnetic coupling of the diquark. They scale as O (α2s) and were
anticipated in Ref.[7]. The nonperturbative corrections scale as Λ2QCD/m
2
Q and leads to corrections
to hyperfine splittings of both heavy antimesons and doubly heavy baryons.
2 Effective Lagrangian for Composite Diquark
The leading order effective Lagrangian describing the chromomagnetic coupling of diquarks that
gives O (1/mQ) corrections to heavy spin symmetry was derived in Refs. [6, 7] in the framework
of NRQCD. The chromomagnetic couplings of the diquark are responsible for hyperfine splittings
in the ground state of doubly heavy baryons. In this section, working within the framework of
NRQCD developed in Refs. [4, 6], we calculate the perturbative and nonperturbative corrections to
the hyperfine splittings of doubly heavy baryons. The NRQCD Lagrangian describing the system
of two heavy quarks is
L = −1
4
FµνFµν +
∑
p
ψ†p
(
iD0 − (p− iD)
2
2mQ
+
g
2mQ
σ ·B
)
ψp
−1
2
∑
p,q
g2s
(p− q)2ψ
†
qT
Aψpψ
†
−qT
Aψ−p + . . . , (2)
where ψp represents the quark field with a three vector label p, B is the chromomagnetic field, and
the ellipsis represents the higher order interactions as well as terms including soft gluons. Using
the spin and color Fierz identities, the quartic interaction term in Eq. (2) can be written in terms
of quark billinears of definite spin and in anti-triplet
(
3
)
and sextet (6) color configurations. After
performing a Fourier transform, with respect to the momentum labels and using the Hubbard-
Stratonovich transformation, the quartic interaction term in Eq. (2) can be eliminated in favor of
composite diquark fields
L = −1
4
FµνFµν +
∑
p
ψ†p
(
iD0 − (p− iD)
2
2mQ
+
g
2mQ
σ ·B
)
ψp
+
1
2
∫
d3rV (3)(r)
(
Ti†r T
i
r −Ti†r
∑
p
eip·r
1
2
ilm(ψ−p)lσ(ψp)m
−
∑
q
e−iq·rijk
1
2
(ψ†q)jσ(ψ
†
−q)kT
i
r
)
+
1
2
∫
d3rV (6)(r)
(
Σ
(mn)†
r Σ
(mn)
r − Σ(mn)†r
∑
p
eip·r
1√
2
d
(mn)
ij (ψ−p)i
T (ψp)j
−
∑
q
e−iq·r
1√
2
d
(mn)
ij (ψq)i(ψ−q)jΣ
(mn)
r
)
, (3)
where we have suppressed the spin indices, the Roman letters refer to color indices, σi is the Pauli
matrix,  = iσ2 is an anti-symmetric 2 ×2 matrix, d(mn)ij are symmetric matrices in color space,
ijk are anti-symmetric matrices in color space and r is the distance between the two heavy quarks
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Figure 1: The interaction vertex for coupling of the composite diquark fields to two heavy quarks.
in the diquark. The anti-triplet potential V (3) (r) and the sextet potential V (6) (r) are given by
V (3)(r) = −2
3
αs
r
, V (6)(r) =
1
3
αs
r
. (4)
In Eq. (3), the composite diquark field T ir is a spin-1 field in the 3 of color and Σ
mn
r is a spin-0
diquark field in the 6 color of :
T ir =
∑
p
eip·r
1
2
ijk(ψ−p)jσ(ψp)k, (5)
Σ
(mn)
r =
∑
p
eip·r
1√
2
d
(mn)
ij (ψ−p)i
T (ψp)j . (6)
The Feynman rules for the interaction of composite diquark fields with two heavy quarks are shown
in Fig.1.
2.1 Perturbative corrections to hyperfine splittings
The chromomagnetic coupling of heavy quarks that is responsible for the hyperfine splitting in
the ground state of heavy mesons is given by the σ ·B term in Eq. (2). The leading order (LO)
Lagrangian for the chromomagnetic coupling of diquarks that is responsible for hyperfine splitting
in ground state doubly heavy baryons was derived in Refs. [6, 7]:
Lσ.B = i g
2mQ
∫
d3rTi †r ·Bc T cij ×Tjr. (7)
The effective Lagrangian in above equation contributes at O (v2) to effective action in NRQCD
power counting. The composite diquark field Σr is a scalar and thus doesn’t have any chromomag-
netic coupling.
The perturbative corrections to the hyperfine splittings in doubly heavy baryons comes from a
next-to-leading order (NLO) chromomagnetic coupling of diquarks that contributes to the effective
action at O (v4) in NRQCD power counting. The NLO coupling comes from a two-loop diagram
shown in Fig. 2, which has an effective 5-point contact interaction shown in Fig. 3.
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Figure 2: The two-loop diagram that leads to NLO chromomagnetic coupling of diquark in Eq. (9)
.
Figure 3: Effective 5-point contact vertex in NRQCD.
This interaction comes from matching tree diagrams for low-energy QQ → QQg scattering in
full QCD onto NRQCD [11], and is given by
Leff = −g
3
2
1
2mQ
∑
P1,P2,P3,P4
ψ†P4T
aψP2ψ
†
P3
(T aT c + T cT a)
σ ·Bc
2mQ
ψP1
1
(P4 − P2)2
. (8)
After evaluating the two-loop diagram in Fig. 2, the NLO Lagrangian describing the chromo-
magnetic coupling of diquark is [11]
L′σ.B = i
g
2mQ
αs
3mQ
∫
d3rTi †r ·
1
r
Bc T
c
ij ×Tjr. (9)
Naively, one would expect the above NLO Lagrangian to scale as 1/m2Q but instead it scales as
1/m2Q × αs/r. Since r−1 ∼ mQαs in the diquark, the NLO chromomagnetic coupling of diquark in
Eq. (9) gives an O (α2s) correction to hyperfine splitting.
In the absence of the chromomagnetic coupling of the heavy quark in Eq. (2), the spin-0 meson
D and spin-1 meson D∗ are degenerate. Similarly, the spin-1/2 baryon Ξ and spin-3/2 baryon
Ξ∗ are degenerate in the absence of the chromomagnetic coupling of diquarks in Eqs. (7) and (9).
The hyperfine splittings in heavy antimesons and doubly heavy baryons depend on the matrix
elements of the chromomagnetic coupling of quarks and diquarks. The matrix element of the NLO
chromomagnetic coupling of the diquark in Eq. (9) depends on 〈1/r〉 which can be calculated in
the extreme heavy quark mass limit in which the ground state spatial wavefunction of the diquark
in the doubly heavy baryon is given by the s-wave hydrogen like wavefunction
φ (r) =
(
1
pia30
)1/2
e−r/a0 , (10)
where a0 is the Bohr radius
a0 =
3
αsmQ
, (11)
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Therefore, due to the perturbative correction from the NLO chromomagnetic coupling of the diquark
in Eq. (9), the HQDQ symmetry prediction of hyperfine splitting in Eq. (1) is modified to
mD∗ −mD = 4
3
(mΞ∗ −mΞ)
(
1 +
αs (mQ)
3mQ
〈
1
r
〉)
,
=
4
3
(mΞ∗ −mΞ)
(
1 +
αs (mQ)αs (mQv)
9
)
, (12)
The two factors of coupling constant αs in Eq. (12) are at two different energy scales. One of the
αs is due to matching QCD onto NRQCD at the energy scale mQ and the other αs is obtained
from the evaluation of matrix elements, for which the appropriate scale is mQv. For simplicity,
the coupling constant αs is evaluated at the energy scale mQv. If the doubly heavy baryon is
composed of charm quark, then αs (mQv) ≈ 0.52, which implies that the perturbative correction to
the hyperfine splitting is ≈ 3.1× 10−2. If the doubly heavy baryon is composed of bottom quark,
then αs (mQv) ≈ 0.35, which implies that the perturbative correction to the hyperfine splitting
is ≈ 1.4 × 10−2. Therefore, we conclude that the perturbative corrections to HQDQ symmetry
prediction in Eq. (1) are very small in the limit mQ →∞.
2.2 Nonperturbative corrections to hyperfine splitting
The nonperturbative corrections to the hyperfine splitting scale with powers of ΛQCD/mQ. To
O
(
Λ2QCD/m
2
Q
)
, the heavy quark spin symmetry violating operators in the heavy quark effective
theory (HQET) Lagrangian is
g
2mQ
∑
p
ψ†p σ ·Bψp + i
g
8m2Q
∑
p
ψ†p σ · (D×E−E×D)ψp . (13)
The heavy quark field ψp in the second operator couples to a different background field: B →
i(D×E−E×D)/(4mQ). Thus, after following exactly the calculation in Ref. [6], the heavy
quark spin symmetry violating Lagrangian for the diquark field is given by
L = i g
2mQ
∫
d3rTi †r · Bc T cij ×Tjr −
g
8m2Q
∫
d3rTi †r · (D×Ec −D×Ec)T cij ×Tjr. (14)
Since both the operators in the above Lagrangian have identical spin and color structures, the
factor of 3/4 relating two hyperfine splittings in Eq. (1) remains unaffected.
There are other spin symmetry violating operators in HQET at O
(
1/m3Q
)
and higher but
those have different spin and color structure compared to the two operators in Eq. (14). Thus,
we expect the corrections to HQDQ symmetry prediction for hyperfine splitting in Eq. (1) to be
O
(
Λ2QCD/m
2
Q
)
, which will be 10% for doubly charm baryons and 1% or smaller for doubly bottom
baryons.
3 Conclusions
The hyperfine splittings in doubly heavy baryons (QQq) and heavy antimesons
(
Qq
)
are related
by HQDQ symmetry as shown in Eq. (1) in the mQ → ∞ limit. In this proceeding, we study the
perturbative and nonperturbative corrections to HQDQ symmetry prediction for hyperfine splitting
in Eq. (1). The perturbative corrections to hyperfine splitting scale as O (α2s) in the mQ → ∞
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limit and is given by Eq. (12). This O (α2s) correction comes from an effective 5-point contact
interaction shown in Fig. 3 and the NLO effective Lagrangian for the chromomagnetic coupling of
diquark is given in Eq. (9). The perturbative correction to hyperfine splitting is ≈ 3 × 10−2 in
case of doubly charm baryon ≈ 1.4 × 10−2 in case of doubly bottom baryons. We also gave an
argument explaining why the nonperturbative corrections to Eq. (1) should scale as O(Λ2QCD/m2Q)
rather than O(ΛQCD/mQ) as argued in Ref. [7] . Therefore, the nonperturbative corrections to
hyperfine splitting relation in Eq. (1) is of order 10% for doubly charm baryons and 1% or smaller
for doubly bottom baryons. The estimate for the nonperturbative corrections is consistent with
the recent lattice calculations of doubly charm spectra [9, 10]. In order to verify the scaling of
nonperturbative corrections to hyperfine splittings with mQ, it would be interesting to perform
lattice calculations of hyperfine splittings in doubly heavy baryons in which the heavy quark mass
mQ is varied.
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